Abstract. Based on the Mindlin's first-order shear deformation plate theory this paper focuses on the free vibration behavior of functionally graded nanocomposite plates reinforced by aligned and straight single-walled carbon nanotubes (SWCNTs). The material properties of simply supported functionally graded carbon nanotube-reinforced (FGCNTR) plates are assumed to be graded in the thickness direction. The effective material properties at a point are estimated by either the Eshelby-Mori-Tanaka approach or the extended rule of mixture. Two types of symmetric carbon nanotubes (CNTs) volume fraction profiles are presented in this paper. The equations of motion and related boundary conditions are derived using the Hamilton's principle. A semianalytical solution composed of generalized differential quadrature (GDQ) method, as an efficient and accurate numerical method, and series solution is adopted to solve the equations of motions. The primary contribution of the present work is to provide a comparative study of the natural frequencies obtained by extended rule of mixture and Eshelby-Mori-Tanaka method. The detailed parametric studies are carried out to study the influences various types of the CNTs volume fraction profiles, geometrical parameters and CNTs volume fraction on the free vibration characteristics of FGCNTR plates. The results reveal that the prediction methods of effective material properties have an insignificant influence of the variation of the frequency parameters with the plate aspect ratio and the CNTs volume fraction.
Introduction
In recent years, nanotechnology has sparked a major breakthrough in materials science leading to the next industrial revolution to begin. Nanostructured materials such as graphene sheets (GSs), fullerenes and carbon nanotubes (CNTs) are fundamental building blocks of nanotechnology with wide potential applications in the emerging field of nanoelectromechanical systems. Carbon nanotubes (CNTs) have attracted much attention because of their superior mechanical, optical, thermal and electrical properties and potential applications of novel nanostructures [1] [2] [3] . Further development of CNT-based devices requires a good understanding of their mechanical behavior. Basic mechanical properties such as Young's modulus, shear modulus, Poisson's ratio and maximum tensile and compressive strengths have been studied rigorously, a review of which is given by Qian et al. [4] . Polymer composites consisting of polymers reinforced with various additives such as carbon fibers, graphite fibers, glass fibers, or Kevlar fibers and carbon black are increasingly being used in defense, aerospace, automobile, sports and electronics sectors as light-weight, high strength and high electrical and thermal conducting materials [5] [6] [7] [8] . However, the addition of nano-sized fibers or nanofillers, such as CNTs, can further increase the merits of such composite materials. These nanocomposites, easily processed due to the small diameter of the carbon nanotubes (CNTs), exhibit unique properties [9, 10] , such as enhanced modulus and tensile strength, high thermal stability and good environmental resistance. This behavior, combined with their low density makes them suitable for a broad range of technological sectors such as telecommunications, electronics [11] and transport industries, especially for aeronautic and aerospace applications where the reduction of weight is crucial in order to reduce the fuel consumption. For example, Qian et al. [12] showed that the addition of 1wt.% (i.e., 1% by weight) multiwall carbon nanotube to polystyrene resulted in 36-42% and ∼25% increases in the elastic modulus and the break stress of the nanocomposite properties, respectively.
Motivated by the concept of functionally graded materials (FGMs), Shen [13] suggested that for CNT-reinforced composite structures the distributions of CNTs within an isotropic matrix were designed purposefully to grade with certain rules along desired directions for the improvement of the mechanical properties of the structures and the nonlinear bending behaviors of the resulting functionally graded CNT reinforced composite (FG-CNTRC) plates in thermal environments were presented. With the knowledge that load transfer between the nanotube and polymeric phases is less than perfect (e.g., the surface effects, strain gradients effects, intermolecular coupled stress effects, etc), Shen introduced the CNT efficiency parameters to account load transfer between the nanotube and polymeric phases and other effects on the material properties of CNTRCs. They determined CNT efficiency parameters by matching the elastic modulus of CNTRCs observed from the MD simulation results with the numerical results obtained from the extended rule of mixture. Wang and Shen [14] investigated the large amplitude vibration of nanocomposite sandwich plates reinforced by SWCNTs resting on an elastic foundation in thermal environments. The effect of CNT volume fraction on the com-pressive postbuckling and thermal postbuckling behavior of functionally graded CN-TRC plates was reported by Shen and Zhu [15] and Shen and Zhang [16] . They found that in some cases the CNTRC plate with intermediate CNT volume fraction does not have intermediate buckling temperature and initial thermal postbuckling strength. Ke et al. [17] investigated the nonlinear free vibration of functionally graded CNTRC Timoshenko beams. They found that both linear and nonlinear frequencies of functionally graded CNTRC beam with symmetrical distribution of CNTs are higher than those of beams with uniform or unsymmetrical distribution of CNTs. Yas and Heshmati [18] investigated vibrational characteristics of functionally graded nanocomposite beams reinforced by randomly oriented straight SWCNTs under the action of moving load. They used the Eshelby-Mori-Tanaka approach based on an equivalent fiber to investigate the material properties of the beam and also they used finite element method to discretize the model and obtain a numerical approximation of the motion equation. Moradi-Dastjerdi et al. [19] studied dynamic analysis of nanocomposite cylinders reinforced by singlewalled carbon nanotubes subjected to an impact load was carried out by a mesh-free method. An axisymmetric model was used and volume fraction of CNT was assumed to vary continuously along thickness direction. The effective material properties of functionally graded carbon nanotube were estimated using extended rule of mixture. Very recently, bending behavior of functionally graded carbon nanotube reinforced composite plate embedded in thin piezoelectric layers subjected to mechanical uniform load based on three-dimensional theory of elasticity was studied by Alibeigloo [20] .
The main aim of this paper is to present free vibration analysis of the functionally graded carbon nanotube-reinforced (FGCNTR) plates by making the use of the firstorder shear deformation theory (FSDT) and generalized differential quadrature (GDQ) method. The FGCNTR plate is assumed to be made from a mixture of aligned and straight SWCNT, graded distribution in the thickness direction, and matrix which is assumed to be isotropic. This paper deals with harmonic oscillation of CNT-reinforced plates, which presumes that the deflection amplitude is much smaller than the thickness of a plate. The material properties of SWCNT are determined according to molecular dynamics (MD) and then the effective material properties of CNTRCs are estimated through the rule of mixture in which the CNT efficiency parameters are introduced to account for the scale-dependence of the resulting nanostructures. Furthermore, the material properties of SWCNT can be used to calculate the elastic properties of nanocomposites using the Mori-Tanaka modified approach that utilizes Eshelby tensors. The primary contribution of the present work is to provide a comparative study of the natural frequencies obtained by extended rule of mixture and Eshelby-Mori-Tanaka method. Two types of the symmetric carbon nanotubes (CNTs) volume fraction profiles are presented in this paper. The effects of various types of the CNTs volume fraction profiles, geometrical parameters and CNT s volume fraction on the free vibration characteristics of FGCNTR plates are discussed in detail. The results for CNTRC plates with uniformly distributed CNTs are also provided for comparison. The results of the parametric studies show that the above mention effects play very important role on the free vibration behavior of the FGCNTR plates and it is believed that interesting and new results are presented for free vibration characteristics of FGM nano-structure plates which are of interest to the scientific and engineering community in the area of nano-structures.
Problem formulation

Geometrical configuration
A flat, nanocomposite rectangular plate of length a, width b and uniform thickness h, made of functionally graded materials carbon nanotube-recinforced is depicted in Fig. 1 . The Cartesian coordinate system (x,y,z) is considered to extract mathematical formulations when x and y axes are located in the undeformed midplane of the plate. 
Material properties of FGCNTR
We assume that the FGCNTR plate is made from a mixture of aligned and straight SWCNT, graded distribution in the thickness direction, and matrix which is assumed to be isotropic. In this paper, for the first time, two types of symmetric profiles for CNTs volume fractions are configurated. As can be seen from Fig. 2 , for the first type, a midplane symmetric graded distribution of CNT reinforcements is achieved and both top and bottom surfaces are CNT-rich referred to as Type I FGCNTR. For the second type, the distribution of CNT reinforcements is inversed and both top and bottom surfaces are CNT-poor, whereas the mid-plane surface is CNT-rich, referred to as Type II FGCNTR. We assume the CNTs volume fraction for Type I FGCNTR follows as:
in which Where w CN is the mass fraction of nanotube [13, 14] and ρ CN and ρ m are the densities of CNT and matrix, respectively. The CNTs volume fraction for Type II FGCNTR follows as:
Note that V CN = V * CN corresponds to the uniformly distributed CNTR plate, referred to as UDCNTR. It should be mentioned that these two FGCNTR plates and the UDCNTR plate have the same CNT mass fraction. The Poisson's ratio is assumed to be uniformly distributed [14, 15] :
where υ 12 CN and υ m are Poisson's ratios of CNT and matrix, respectively. For the implementation of CNTRCs in structural applications, property-microstructure relations are required in the form of micromechanics models.
Extended rule of mixture
According to the extended rule of mixture, the effective Young's modulus and shear modulus of FGCNTR are expressed by the following relations [13] [14] [15] [16] [17] :
where E CN 11 , E CN 22 and G CN 12 are the Young's and shear moduli of the CNTs, E m and G m are the corresponding properties for the matrix, and the η i (i = 1,2,3) are the CNT efficiency parameters, respectively. With the knowledge that load transfer between the nanotube and polymeric phases is less than perfect (e.g., the surface effects, strain gradients effects, intermolecular coupled stress effects, etc), Shen et al. [13] introduced the CNT efficiency parameters to account load transfer between the nanotube and polymeric phases and other effects on the material properties of CNTRCs. They determined CNT efficiency parameters by matching the elastic modulus of CNTRCs observed from the MD simulation results with the numerical results obtained from the extended rule of mixture. V CN and V m are the carbon nanotube and matrix volume fractions and are related by:
(2.5)
Eshelby-Mori-Tanaka approach
The material properties of SWCNT obtained by molecular dynamics (MD) can be used to calculate the elastic properties of nanocomposites using the Mori-Tanaka modified approach that utilizes Eshelby tensors. Previous studies have examined the validity of the Eshelby-Mori-Tanaka approach in determining the effective properties of composites reinforced with misaligned, carbon fibres, and with carbon nanotubes [21] [22] [23] [24] . For instance, Odegard et al. [21] developed constitutive models for SWNT-reinforced polymer composite materials based on the equivalent continuum modeling technique for nano-structured materials. It was proposed that the nanotube, the local polymer near the nanotube, and the nanotube/polymer interface can be modeled as an effective continuum fiber by using an equivalent-continuum modeling method. They employed the Eshelby-Mori-Tanaka approach to determine the bulk constitutive properties of the SWNT/polymer composite with aligned and random nanotube orientations and with various nanotube lengths and volume fractions. In addition, predicted values of modulus were compared with experimental data obtained from mechanical testing. As another example, Shady and Gowayed [24] modified the effective fiber model used to calculate the elastic properties of nanocomposites in order to include the effect of the curvature of nanotubes. They used the effective fiber model to calculate the elastic properties of nanocomposites using the Eshelby-Mori-Tanaka. In the present paper, the proposed model is framed within the Eshelby theory for elastic inclusions. The original theory of Eshelby [25] [26] [27] is restricted to one single inclusion in a semi-infinite elastic, homogeneous and isotropic medium. The theory, generalized by Mori-Tanaka [28] , allows extending the original approach to the practical case of multiple inhomogeneities embedded into a finite domain. The Eshelby-Mori-Tanaka approach, based on the equivalent elastic inclusion idea of Eshelby and the concept of average stress in the matrix due to Mori-Tanaka, is also known as the equivalent inclusion-average stress method [29, 30] . According to Benveniste's revision [31] , the following expression of the effective elastic tensor is obtained:
where V CN and V m are the fiber and matrix volume fractions, respectively, I represents the fourth-order unit tensor, C m is the stiffness tensor of the matrix material, C f is the stiffness tensor of the equivalent fiber, the brackets denote an average overall possible orientations of the inclusions. It should be noted that (·) denotes the dot product. A is the fourth-order tensor referred to as concentration factor: The tensor S is Eshelby's tensor, as given by Eshelby [25] and Mura [31] . The terms included in angle brackets in Eq. (2.6) represent the average value of the term over all orientations defined by transformation from the local fiber coordinates
In this paper, we consider a polymer composite reinforced with straight CNTs aligned in the x 2 -axis direction. The matrix is assumed to be elastic and isotropic, with Young's modulus E m and Poisson's ratio ν m [29, 30] . Each straight CNT is modeled as a fiber with transversely isotropic elastic properties. Therefore, the composite is also transversely isotropic. The substitution of non-vanishing components of the Eshelby tensor S for a straight, long fiber along the x 2 -direction [30] in Eq. (2.7) gives the dilute mechanical strain concentration tensor. Then the substitution of A (Eq. (2.7)) into Eq. (2.6) gives the tensor of effective elastic moduli of the composite reinforced by aligned, straight CNTs. In particular, the Hill's elastic moduli are found as:
where ξ, l, m, n and p are Hill's elastic moduli of the composite; ξ is the plane-strain bulk modulus normal to the fiber direction, n is the uniaxial tension modulus in the fiber direction, l is the associated cross modulus, m and p are the shear moduli in planes normal and parallel to the fiber direction, respectively. k r , l r , m r , n r and p r are the Hill's elastic moduli for the reinforcing phase (CNTs) [32] . The elastic moduli parallel and normal to CNTs are related to Hill's elastic moduli by
Constitutive relations
According to the based on the first-order shear deformation theory of Mindlin [33] [34] [35] , in which the in-plane displacements are expanded as linear functions of the thickness coordinate and the transverse deflection is constant through the plate thickness, the displacement components of the middle surface of the rectangular plate along the x, y, and z axes, designated by u, v and w, may be expressed as:
where u 0 and v 0 denote the in-plane displacements on mid-plane in x-and y-directions, respectively; w 0 is the transverse displacement; ϕ x and ϕ y are the rotational displacements about the x and y axes at the middle surface of the plate and t is the time. By neglecting normal strain in the thickness direction ε zz in the stress-strain relations, the general strain-displacement relations for small deformation are defined as:
where ε and γ denote the normal and shear strains, respectively. Here, the symbol "," is used to indicate the partial derivative. For example, v ,y is equivalent to ∂v/∂y. By substituting the Eq. (2.10) into Eq. (2.11), the strain-displacement relations are derived:
where
(2.13)
The constitutive relation for an FGCNTR plate is consequently given by the twodimensional Hooke's law as:
In which the Q ij components are expressed as: 
in which k is the transverse shear correction coefficient, applied to the transverse shear forces due to the fact that the transverse shear strains (γ xz and γ yz ) have a nearly parabolic dependency to the thickness coordinate and in this study is taken as k = 5/6. Substituting Eqs. (2.12) and (2.13) into Eq. (2.14) and then into Eqs. (2.16a) and (2.16b) gives the forces and the resultant moments (N ij and M ij ) and the transverse shear forces (Q i ) per unit length as follows:
where coefficients E ij , G 12i are as follows:
Equations of motion
Herein, Hamilton's principle is used to derive equations of motion based on the FSDT. The principle can be stated as follows:
where where
For a simply supported FGCNTR rectangular plate, the boundary conditions can be expressed on the x-constant and y-constant edges as
This paper deals with harmonic oscillation of CNT-reinforced plates, which presumes that the deflection amplitude is much smaller than the thickness of a plate. For free harmonic vibration, the Fourier expansion form of the displacement components in the x direction which satisfy the geometric boundary conditions at y=0, b can be written as:
24a)
where n is the wave number along the y-direction, ω is the natural frequency of the vibration and i (= √ −1) is the imaginary number.
GDQ discretized form of the equations of motion
Discretization is based on the generalized differential quadrature method (GDQ) [36] [37] [38] . According to GDQ method the rth-order partial derivative of a continuous function f (ζ) with respect to ζ at a given point ζ i can be approximated as a linear sum of weighted function values at all of the discrete points in the domain of ζ, i.e., [36] 
where N is the number of sampling points in the axial direction, f (ζ k ) represents the functional value at a sample point ζ k and c (r) ik are the weighting coefficients of the rthorder derivative. The weighting coefficients for the first derivative (i.e., r = 1) are [36] 
For higher-order derivatives
After substituting Eq. (2.24) into Eq. (2.21), the partial differential equations in terms of the variables x, y and t reduces to ordinary differential equations in terms of the variable x and by application GDQ discretization rule (3.1) for spatial derivatives, the discretized form of the differential equations of motion at each domain grid point x i with (i = 2,3,··· , N x −1) can be obtained as:
In Eqs. (3.5a)-(3.5e), c (1) ik and c (2) ik are the weighting coefficients of the first and second order derivatives. In a similar manner, at each boundary grid points, the boundary conditions (2.23a) are discretized.
Rearranging the GDQ analogs of field equations and boundary conditions within the framework of a generalized eigenvalue problem yields [40] [ 
with i = 1,2,··· , N x and
Eliminating the boundary degrees of freedom [40, 41] , Eq. (3.7) can be recast into the standard form of:
where [I] is identity matrix. The above eigenvalue system of equations can be solved to find the natural frequencies of the FGCNTR rectangular plate.
Numerical results and discussions
Comparison study and convergence behavior
In order to validate the presented approach and to examine its computational efficiency, its convergence and accuracy is demonstrated via different examples. As a first example to validate the presented formulations, the obtained natural frequencies of an isotropic plate based on the presented method are compared with the FSDT with and without rotary inertia by Reddy [39] in Table 1 . The results are prepared for different values of the length to thickness ratio. From this table, one could observe that the present GDQ results for the isotropic square plate are in good agreement with those of FSDT with rotary inertia. The difference between without rotary inertia and present results increases as a/h is decreased. This is due to the fact that the transverse shear and rotary inertia will have more effect on a thicker plate.
As another attempt to validate the presented formulations, in Table 2 the first three non-dimensional natural frequency parameters of the FGM plate are compared with those of 3-D elasticity theory of Yas and Sobhani Aragh [40] and 2-D higher order theory of Matsunaga [41] . The fast rate of convergence of the method is evident. It should Table 2 : Convergence behavior and accuracy of the non-dimensional natural frequency parameters of simply supported FGM plate against the number of GDQ grid points (b/h = 2). be mentioned that only nine GDQ grid points in the x direction is sufficient to obtain results with sufficient accuracy.
Parametric studies
In this section, new numerical results for the free vibration analysis of rectangular Mindlin nanocomposite plates reinforced by single-walled CNT are presented. Poly (methyl methacrylate), referred to as PMMA, is selected for the matrix, and the material properties of which are assumed to be ρ m = 1.15g/cm 3 , v m = 0.34, E m = 2.5GPa at room temperature (300K) [13, 14] . The (10,10) SWCNTs are selected as reinforcements. The key issue for successful application of the extended rule of mixture to CNTRCs is to determine the CNT efficiency parameter η i . There are no experiments conducted to determine the value of η i for CNTRCs. Shen [13, 14] determined the CNT efficiency parameters η 1 , η 2 and η 3 by matching the Young's moduli E 11 and E 22 and shear modulus G 12 of CNTRCs predicted from the extended rule of mixture to those from the MD simulations given by Han and Elliott [42] . [14] . In this paper, natural frequencies of the FGCNTR plate are obtained and considered to be dimensionless as Ω nl = ω nl h ρ m /E m (called the frequency parameter). Fig. 4 shows the first three frequency parameters versus thickness to length ratio h/a with different profiles of CNTs volume fractions and various types of CNT volume fraction profiles. It can be seen that the plates with Type I FGCNTR and Type II FGCNTR have highest and lowest frequency parameter, respectively. This means that the FGCNTR plates with symmetric profiles of the CNTs volume fraction can likely be designed according to the actual requirement and it is a potential alternative to the CNTRc plates with uniformly distributed CNTs. Moreover, with increasing wave number n, the discrepancies between the frequency parameters of the various types of CNTs volume fraction profiles become lower. UDCNRT frequency parameter ratio is more significant than that of the Type I FGCNRT to UDCNRT frequency parameter ratio. Also it is seen that the discrepancies between the frequency parameters of the Type I FGCNRT and UDCNTR are lower than those of Type II FGCNRT and UDCNTR. /Ω UD 11 ratio versus width to length ratio with for various h/a ratio (→← Type I FGCNTR to UDCNTR frequency parameter ratio, −⋄− Type II FGCNTR to UDCNTR frequency parameter ratio). Fig. 7 shows the variation of the Type I FGCNTR to UDCNTR frequency parameter ratio with wave number n for different values of h/a ratio. It can be seen that Type I FGCNTR to UDCNTR frequency parameter ratio decreases rapidly as the wave number n and h/a ratio increases. The influence of CNTs volume fraction on the frequency parameter of the Type II FGCNTR plate for various wave number n and b/a ratio is shown in Fig. 8 . From this figure it is apparent that the effect of the CNTs volume fraction is more prominent at high wave number n. In Fig. 9 , the variation of the Type II FGCNTR to UDCNTR frequency parameter ratio with wave number n for various b/a ratios is shown. It is worthwhile to mention that with decrease in the b/a ratio, frequency parameter of the FGCNTR plates are very close to those of UDCNTR plates. 
Effect of profiles of CNTs volume fractions on frequency parameters
Influence of geometrical parameters on frequency parameters
Influence of wave number n on frequency parameters
Effect of the CNTs volume fraction on frequency parameter
The effect of the CNTs volume fraction V * CN on the frequency parameter of the FGCNTR plate for various b/a ratio is shown in Fig. 10 . It is found that the frequency parameter of the FGCNTR plate is increased with increase in CNTs volume fraction. It should be noted that the frequency parameter decreases rapidly with the increase of the b/a ratio and then remains almost unaltered for b/a > 0.5. The effect of b/a ratio on the fundamental frequency parameter of the Type I FGCNTR plate for various CNTs volume fraction is presented in Fig. 11 . It can be concluded that the influence of the CNTs volume fraction on the fundamental frequency parameter of the Type I FGCNTR plate is generally significant at low b/a ratio. 
Impact of prediction models of material properties on frequency parameter
In order to investigate the prediction methods of the mechanical properties of nanocomposites, the frequency parameters obtained from extended rule of mixture are compared It should be noted that the extended rule of mixture has higher frequency parameter than that of the Eshelby-Mori-Tanaka approach.
Conclusion remarks
Based on the first-order shear deformation theory (FSDT) and generalized differential quadrature (GDQ), a comprehensive study of the free vibration analysis of the simply supported functionally graded carbon nanotube-reinforced (FGCNTR) plates was investigated. The FGCNTR plate was assumed to be made from a mixture of aligned and straight SWCNT, graded distribution in the thickness direction, and matrix which was assumed to be isotropic. The material properties of SWCNT were determined according to molecular dynamics (MD) and then the effective material properties of CNTRCs were estimated through the rule of mixture in which the CNT efficiency parameters were introduced to account for the scale-dependence of the resulting nanostructures. Further- more, the material properties of SWCNT can be used to calculate the elastic properties of nanocomposites using the Mori-Tanaka modified approach that utilizes Eshelby tensors.
The following conclusions can be drawn from the present:
• The achieved results show that the FGCNTR plates with symmetric profiles of the CNTs volume fraction can likely be designed according to the actual requirement and it is a potential alternative to the CNTRc plates with uniformly distributed CNTs.
• Results indicate the prediction methods (extended rule of mixture and EshelbyMori-Tanaka method) of effective material properties have an insignificant influence of the variation of the frequency parameters with h/a and b/a ratio.
• The extended rule of mixture has higher frequency parameter than that of the Eshelby-Mori-Tanaka method.
• It is observed that the effect of the h/a ratio on the Type II FGCNRT to UDCNRT frequency parameter ratio is more significant than that of the Type I FGCNRT to UDCNRT frequency parameter ratio.
